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Abstract
With the help of the Seiberg-Witten map, one can obtain an effective action
of a deformed QED from a noncommutative QED. Starting from the deformed
QED, we investigate the propagation of photons in the background of electro-
magnetic field, up to the leading order of the noncommutativity parameter.
In our setting (both the electric and magnetic fields are parallel to the co-
ordinate axis x1 and the nonvanishing component of the noncommutativity
parameter is θ23), we find that the electric field has no effect on the propa-
gation of photons, but the velocity of photons can be larger than the speed
of light (c = 1) when the propagating direction of photons is perpendicular
to the direction of background magnetic field, while the light-cone condition
does not change when the propagating direction is parallel to the background
magnetic field. The causality associated with the superluminal photons is
discussed briefly.
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Recently much attention has been focused on the noncommutativity of spacetime and
its consequences in various aspects. Many interesting phenomena have been found. For
example, there exists an intriguing UV/IR mixing [1] in the perturbative dynamics of non-
commutative field theories (field theories in a noncommutative spacetime). The degrees
of freedom are reduced drastically in the non-planar sector of noncommutative field theo-
ries [2–4]. The energy levels of the hydrogen atom and the Lamb shift in the noncommutative
quantum electrodynamics (QED) have been found to deviate from those in the usual QED
both on the classical and quantum levels, from which a constraint on the noncommutativ-
ity parameter of spacetime can be obtained by comparing with experimental data [5]. The
noncommutativity of spacetime has also significant effects on the cosmology of the early uni-
verse. For instance, it has been shown that the noncommutativity in spatial coordinates can
generate magnetic field in the early universe on a horizon scale, and due to its dependence
of the number density of massive charged particles, one can trace back the temperature de-
pendence of the noncommutativity scale from the bounds on the primordial magnetic field
coming from nucleosynthesis [6]. Further, it was argued that due to the noncommutativity
of spacetime, the inflation induced fluctuations become non-Gaussian and anisotropic, and
the short distance dispersion relations are modified [7].
By definition, the coordinates in a noncommutative spacetime satisfy
[xµ, xν ] = iθµν , (1)
where θµν is an antisymmetric constant matrix and is of dimension of (length)2. The action
of a noncommutative field theory can be constructed by replacing the ordinary products
between field operators by the ⋆-products in the action of the corresponding ordinary field
theory. The ⋆-product is defined as follows,
f ⋆ g(x) = e
1
2
θµν∂xµ∂yν f(x)g(y)|y=x. (2)
The Lagrangian of the photon sector of the noncommutative QED is [8]
L1 = −
1
4
Fˆµν ⋆ Fˆ
µν , (3)
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where Fˆµν = ∂µAˆν − ∂νAˆµ − i[Aˆµ, Aˆν ]⋆. Usually one may start with the action of a certain
noncommutative field theory, calculate some physical quantities and then compare with
experimental data. However, it is well-known that there is a so-called Seiberg-Witten map [9]
between a noncommutative gauge field and an ordinary gauge field. The physical equivalence
is guaranteed between the noncommutative gauge field and the ordinary gauge field in the
mapping. The Seiberg-Witten map is [9]
Aˆµ = Aµ −
1
2
θαβAα(∂βAµ + Fβµ), (4)
to the leading order of θµν . Substituting this into (3) and using the ⋆-product (2), one can
obtain [10]
L2 = −
1
4
FµνF
µν −
1
2
θαβFαµFβνF
µν +
1
8
θαβFαβFµνF
µν , (5)
to the leading order of θ. This Lagrangian can be regarded as the one of the photon sector
of the ordinary QED with some correction terms associated with the noncommutativity of
spacetime. Physically, the two actions (3) and (5) are equivalent to each other, up to the
leading order of θ. Therefore the action (5) plus fermion part could be a good starting point
to give some constraints on the realistic noncommutative field theories [11,12].
The form of action (5) is reminiscent of the one-loop effective action of ordinary QED,
which is
L3 = −
1
4
FµνF
µν −
α2
36m4e
(FµνF
µν)2 +
7α2
90m4e
FµνFστF
µσF ντ , (6)
where me is the mass of electron, α is the fine structure constant, and last two terms are
the Euler-Heisenberg ones. Taking into account the one-loop correction, thirty years ago,
Adler [13] showed that the velocity of photons propagating in an anisotropic vacuum given
by an external constant uniform magnetic field B, is shifted and depends on the direction
of polarizations,
v‖ = 1−
8
45
α2
B2
m4e
sin2 φ, v⊥ = 1−
14
45
α2
B2
m4e
sin2 φ, (7)
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where φ is angle between the magnetic field B and the direction of the propagation. This is
just the electromagnetic birefringence phenomenon. Note that here the velocity of photons
is always smaller than the speed of light (c = 1).
With this in mind, it would be of interest to investigate the propagation of photons
within the effective action (5) in the background of electromagnetic field. This is just the
aim of this note. Varying the action (5) yields the equation of motion
∂µF
µν + ∂µ(θ
αβF µα F
ν
β )− ∂µ(θ
ανFαλF
λµ)
−
1
2
∂µ(θ
αβFαβF
µν) + ∂µ(θ
αµFαλF
λν)−
1
4
∂µ(θ
µνFδλF
δλ) = 0. (8)
In order to study the propagation of photons, we expand the field strength using background
field method,
F µν = F¯ µν + f˜µν , (9)
where F¯µν is the background electromagnetic field. Substituting this into (8) and linearizing
the equation in f˜µν , we obtain the equation describing the propagation of photons
∂µf˜
µν + θαβF¯ µα ∂µf˜
ν
β − θ
ανF¯ λµ∂µf˜αλ −
1
2
θαβF¯ µν∂µf˜αβ
+ θαµF¯αλ∂µf˜
λν + θαµF¯ λν∂µf˜αλ −
1
2
θµνF¯δλ∂µf˜
δλ = 0, (10)
where the background field has been assumed to be a constant electromagnetic field (namely,
F¯µν is assumed to be a constant). In deriving (10), we dropped some terms like θ times ∂µf˜
µλ
(these are of the order θ2) since we keep terms up to the leading order of θ only.
In order to investigate the propagation of photons, a simple method is to employ the
geometric optic approximation [14], in which one can write
f˜µν = fµνe
iω, (11)
where fµν is a slowly varying amplitude and ω is the rapidly varying phase. The wave vector
is kµ = ∂µω. In quantum mechanics, it can be viewed as the momentum of the photons.
Thus, from the Bianchi identity, ∂λFµν+∂µFνλ+∂νFλµ = 0, one has kλfµν+kµfνλ+kνfλµ = 0.
Furthermore, we can write
4
fµν = kµaν − kνaµ, (12)
where the vector aµ can be interpreted as the polarization vector of the photons and satisfies
kµa
µ = 0. In this case, the equation (10) reduces to
k2aν + θαβF¯ µα kµ(kβa
ν − kνaβ)− θ
ανF¯ λµkµ(kαaλ − kλaα)
−
1
2
θαβF¯ µνkµ(kαaβ − kβaα) + θ
αµF¯αλkµ(k
λaν − kνaλ)
+ θαµF¯ λνkµ(kαaλ − kλaα)−
1
2
θµνF¯δλkµ(k
δaλ − kλaδ) = 0. (13)
Now it is a position to choose an appropriate background. It has been already shown that
a field theory with only nonvanishing space-time component of noncommutative matrix,
θ0i 6= 0, is not unitary, while it is unitary if only space-space component θij 6= 0 [15].
Furthermore, a field theory with θ0i 6= 0 and θµνθ
µν > 0 is still unitary [16]. In this case, one
can change this to the case with only θij 6= 0 by an observer Lorentz transformation [16,12].
For simplicity, here we choose
θ23 ≡ θ 6= 0, (14)
and other components vanish identically. Further, we suppose that the background electro-
magnetic field is of the form
F¯µν = −EU
01
µν +BU
23
µν , (15)
where E and B are the strengths of electric and magnetic fields, respectively, and the
notation U01µν has the expression U
01
µν = δ
0
µδ
1
ν − δ
1
µδ
0
ν , the other has a similar form. Since
one can always choose an appropriate coordinate, in which the electric field and magnetic
field are parallel to each other, we therefore assume the background electromagnetic field to
be of the form (15). The form (15) implies that both the electric and magnetic fields are
parallel to the coordinate axis x1. Introducing some linearly independent combinations of
momentum components
lν = k
µU01µν , mν = k
µU02µν , nν = k
µU03µν , (16)
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and another dependent combination pν = k
µU23µν , and using lν , mν and nν to contract (13),
we arrive at
k2(a · v)− 2θ(a · v)[E(l · p)− B(p · p)]
+ θ(k · v)aαU23αβ(El
β −Bpβ) + θ[E(l · k)− B(p · k)]aαvβU23αβ
− θ(k · v)pαaλ(EU01αλ − BU
23
αλ) + θ(k · p)a
λvδ(EU01λδ −BU
23
λδ ) = 0, (17)
where v = l, m, n, respectively. Now we discuss the propagation of photons whose direction
is parallel or perpendicular to the one of the background electromagnetic field, respectively.
(a) The Parallel Case. Namely, the propagation direction of photons is along x1. In this
case, we have
kµ = (k0, k1, 0, 0), lµ = (k1, k0, 0, 0), mµ = (0, 0, k0, 0), nµ = (0, 0, 0, k0), (18)
and pµ = 0. Substituting these into (17) and taking v = l, m, n, respectively, it is easy to
find that
k2(a · l) = 0, k2(a ·m) = 0, k2(a · n) = 0, (19)
which implies that the light-cone condition of photons does not change not only for the
longitudinal polarization (a · l), but also for the two transverse polarizations (a · m) and
(a · n). The light-cone condition k2 = 0 indicates that the velocity of photons does not
change in this case,
vx1 = vx2 = vx3 = 1. (20)
(b) The Perpendicular Case. Let us suppose that the propagation of photon is along x3.
In this case, one has
kµ = (k0, 0, 0, k3), lµ = (0, k0, 0, 0), mµ = (0, 0, k0, 0), nµ = (k3, 0, 0, k0), (21)
and pµ = (0, 0,−k3, 0). Substituting these into (17), for the longitudinal polarization (a · n)
along x3, we find
6
k2(a · n) + 2θB(k3)2(a · n) = 0, (22)
from which we obtain the velocity of photon along x3
vx3 =
∣
∣
∣
∣
∣
k0
k3
∣
∣
∣
∣
∣
≈ 1 + θB, (23)
to the leading order of θ. For the two transverse polarization (a · l) along x1 and (a · m)
along x2, we have
(k2 + 2θB(k3)2)(a · l) = 0, (k2 + 2θB(k3)2)(a ·m) = 0. (24)
One can see that the light-cone condition is changed, and the velocity of photons becomes
vx1 = vx2 ≈ 1 + θB, (25)
up to the leading order of θ.
If the propagation direction of photons is along x2, it is easy to show that this case is
the same as the one along x3. That is, the velocity of photons is also changed in the same
way as Eqs. (23) and (25).
From Eqs. (20), (23) and (25), we find some interesting results: in our setup, the back-
ground electric field has no effect on the propagation of the noncommutative photon; the
light-cone condition does not change for the photons propagating along the direction of
background magnetic field; but when propagation direction is perpendicular to the direction
of background magnetic field, the velocity of photons is changed and will be larger than the
speed of light (c = 1) if θB > 0. (For Dp-branes in the magnetic field, one has θ = B−1 in
the decoupling limit [9]. But this cannot be substituted into (23) and (25), since θB ≪ 1
is assumed in our approximation.) Thus, the interesting question arises of whether this
superluminal phenomenon is measurable. If we set θ ∼ (104Gev)−2 [5] and B ∼ 1T , the
deviation from the speed of light is then of the order 10−24. It seems beyond the scope that
present experiments can reach.
Some additional remarks are in order. First we note that the shift of velocity of pho-
tons is a generic phenomenon in nontrivial vacua (for a review see [17]), for example, in
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electromagnetic fields [13,18], in gravitational fields [14,18–24], in Casimir-type regions with
boundaries [25,26], in finite temperature backgrounds [27] and so on. In the gravitational
fields and the Casimir-type regions, the velocity of photons can be larger than the speed of
light and it is always smaller than the speed of light in other cases. But our result about
the superluminal noncommutative photons is quite different from those, because the shift of
velocity of photons in those nontrivial vacua is essentially a quantum phenomenon because
it appears after taking into account one-loop (and/or) two-loop corrections to the action of
usual QED, while our result [see (23) and (25)] is completely a classical phenomenon due to
the noncommutativity of space, since the action (5) is a classical one without any quantum
corrections.
Second, a propagating velocity larger than the speed of light is always associated with
a potential violation of causality. For the case of an electromagnetic wave traveling in
the vacuum between two parallel conducting plates (Casimir regions), Ben-Menahem [28]
showed that the wavefront still travels exactly at the speed of light. So the two-loop effect
poses no threat to the causality in QED. In a flat spacetime, in general the establishment
of a causal paradox needs at least two condition: spacelike motion and Poincare´ invariance.
In curved spaces the Poincare´ invariance is lost and the principle of equivalence replaces it.
In the effective action of QED in curved spaces, however, there are some interaction terms
between the electromagnetic field and the spacetime curvature, which violate the principle
of equivalence. Therefore the appearance of the superluminal photons in curved spaces is
possible and does not necessarily violate the causality. In our case considered in this note,
although we are discussing the propagation of photons in a flat spacetime, the Lorentz
symmetry is lost due to the noncommutativity of space. As a result, the propagation of
superluminal photons is allowed in noncommutative spacetimes and does not threaten the
causality.
In summary, we have found a very interesting feature of noncommutative spacetimes:
in which the propagation of photons can be faster than the speed of light and it does not
necessarily violate the causality.
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Note added: The same conclusion has also been obtained independently in [29]. Since
this note appeared on the net, I have been informed of many interesting papers, which are
related to the conclusion of this note in some sense. In [30,31] it has been shown that
solitons in the noncommutative field theories can travel faster than the speed of light along
the noncommutative directions. In [32] it has been found that in the noncommutative
supersymmetric Yang-Mills the low momenta modes have superluminal group velocity at
finite temperature (this is a one-loop effect). However, the propagation of photons in the
Born-Infeld theory is always subluminal [33,34]. In addition, the varying speed of light in
noncommutative geometry has been used to solve some cosmological problems in the early
universe [35].
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